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Abstract 

Let M 4n be a complete quaternionic Kahler manifold with scalar 
curvature bounded below by — 16n(n + 2). We get a sharp estimate for 
the first eigenvalue \\(M) of the Laplacian which is \\{M) < (2n+l) 2 . 
If the equality holds, then either M has only one end, or M is diffeo- 
morphic to R x N with N given by a compact manifold. Moreover, 
if M is of bounded curvature, M is covered by the quaterionic hy- 
perbolic space QH" and N is a compact quotient of the generalized 
Heisenberg group. When Ai (M) > 8 ( n ^ ; we also prove that M must 
have only one end with infinite volume. 



Introduction 

Let M n be a complete n-dimensional Riemannian manifold whose Ricci cur- 
vature bounded below by — (n — 1). It is well known from Cheng |Chj that 
the first eigenvalue Ai(M) satisfies 

mm, < 

In |LW3j . Li and Wang proved an analogous theorem for complete Kah- 
ler manifolds. They showed that if M 2n is a complete Kahler manifold of 
complex dimension n with holomorphic bisectional curvature BKjv/ bounded 
below by —1, then the first eigenvalue \\{M) satisfies 

Ai(M) < n 2 . 
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Here BKm > — 1 means that 

Rfifj > — (1 + 

for any unitary frame e%, . . . , e n . 

In this paper, we prove the corresponding Laplacian comparison theorem 
for a quaterionic Kahler manifold M 4n . As an application we get the sharp 
estimate Ai(M) for a complete quaterionic Kahler manifold M 4n with scalar 
curvature bounded below by — 16n(n + 2) as 

Ai(M) < (2n+ l) 2 . 

It is an interesting question to ask what one can say about those manifolds 
when the above inequalities are realized as equalities. In works of Li and 
Wang [LWlj and [LW2j . the authors obtained the following theorems. The 
first was a generalization of the theory of Witten-Yau [WYj . Cai-Galloway 
|CG] , and Wang [Wj for conformally compact manifolds. The second was to 
answer the aforementioned question. 

Theorem 0.1. Let M n be a complete Riemannian manifold of dimension 
n > 3 with Ricci curvature bounded below by — (n — 1). If 'Ai(M) > n — 2, 
then either 

(1) M has only one infinite volume end; or 

(2) M = K x iV with warped product metric of the form 

ds 2 M = dt 2 + cosh 2 1 ds 2 N , 

where N is an (n — 1)- dimensional compact manifold of Ricci curvature 
bounded below by Ai(M). 

Theorem 0.2. Let M n be a complete Riemannian manifold of dimension 
n > 2 with Ricci curvature bounded below by — (n — 1). If \\{M) > ^ n ~}' , 
then either 

(1) M has no finite volume end; or 

(2) M = 1 x iV with warped product metric of the form 

ds 2 M = dt 2 + e 2t ds 2 N , 

where N is an (n — 1)- dimensional compact manifold of nonnegative Ricci 
curvature. 
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In |LW3] and [LW5j . Li and Wang also consider the Kahler case. They 
proved the following theorems. 

Theorem 0.3. Let M n be a complete Kahler manifold of complex dimension 
n > 1 with Ricci curvature bounded below by 

Ricm > -2(n+ 1). 

If Ai(M) > then M must have only one infinite volume end. 

Theorem 0.4. Let M n be a complete Kahler manifold of complex dimension 
n > 2 with holomorphic bisectional curvature bounded by 

BK M > -1. 

//Ai(M) > n 2 , then either 

(1) M has only one end; or 

(2) M — R x N with N being a compact manifold. Moreover the metric on 
M is of the form 

2n 

ds 2 M = dt 2 + e 4i lu 2 + e 2t lu 2 , 

i=3 

where {u>2, uj^, . . . ,u>2n} are orthonormal coframe of N with Jdt = io%. If M 
has bounded curvature, then we further conclude that M is covered by CEP 
and N is a compact quotient of the Heisenberg group. 

In |LW5] , the authors pointed out that the assumption on the lower bound 
of Ai(M) in Theorem 0.3 is sharp, since one can construct M of the form 
M=ExiV satisfying 

Rica/ > 

and 

Ai(M) 

with iV being a compact Kahler manifold and E being a complete surface 
with at least two infinite volume ends. However, it is still an open question to 
characterized all those complete Kahler manifolds satisfying conditions (1 0.11) 
and f03]) . 

In sections 4 and 5, we will prove the following quaternionic Kahler ver- 
sions of the above theorems. 



-2(n + l) 



n + 1 



(0.1) 



(0.2) 
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Theorem 0.5. Let (M 4n , g) be a complete quaternionic Kdhler manifold with 
scalar curvature satisfying 

S M > -16n(n + 2). 
If \\{M) > 8 ^"g , then M must have only one infinite volume end. 

Theorem 0.6. Let (M 4n , g) be a complete quaternionic Kdhler manifold with 
scalar curvature satisfying 

S M > -16n(n + 2). 

IfXi(M) > (2n + l) 2 , then either 

(1) M has only one end, or 

(2) M is diffeomorphic ioRx JV where N is a compact manifold. Moreover, 
the metric is given by the form 

4 An 
p=2 c*=5 

where {uj 2 , . . . ,uJau} orthonormal coframes for N. If M is of bounded 
curvature then we further conclude that M is covered by the quaterionic hy- 
perbolic space QM n and N is a compact quotient of the generalized Heisenberg 
group. 

Remark 0.1. It is known that a horosphere in QH n is isometric to a certain 
generalized Heisenberg group with three-dimensional center and left-invariant 
Riemannian metric. Such generalized Heisenberg groups have compact quo- 
tients. For an explicit construction see for instance Example 2. 6 in fCty. We 
don't have an example to show that the bounded curvature condition in The- 
orem \0.6\ is necessary. If such an example exists, its curvature should decay 
at exponentially in some directions. 

Perhaps it is interesting to restrict our attention to the special case when 
M 4n = QH n /r is given by the quotient of the quaternionic hyperbolic space 
QH™ with a discrete group of isometies T. In particular, it is instructional to 
compare with previous results by Corlette |C2] and Corlette-Iozzi |CI] where 
Lie group theoretic approach was used in understanding these manifolds. For 
example, in |CIj . the authors proved a Patterson- Sullivan type formula for 
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Ai(M) in terms of the Hausdorff dimension 5(F) of the limit set of T. More 
specifically, they proved that if T is geometrically finite, then for 5(F) > 2n+l 
one has 

Ai(M) = 5(F) ((An + 2) — 5(F)). 

Hence in this case, the condition in Theorem 10.61 on Aj.(M) = (2n + l) 2 is 
equivalent to the condition 5(F) — 2n + 1. 

In |C2j (Theorem 4.4), Corlette also pointed out that by a result of 
Kostant Ai(M) = or Ai(M) > 8n. On the other hand, it was also shown 
in |CIj that if F is geometrically finite and torsion free, then M = QM. n /F 
must have at most one end with infinite volume. These two statements give 
an interesting comparison to Theorem 10.51 stated above. 

We would also like to point out to the interested readers that in [LW4] and 
[LW5j Li and Wang considered a more general class of manifolds satisfying a 
weighted Poincare inequality. However, since quaternionic Kahler manifolds 
are automatically Einstein, the same type of questions are not interesting for 
this class of manifolds. 

Acknowledgement. This work was done when the third author was 
visiting the University of California, Irvine. He wishes to thank the institu- 
tion for its hospitality. He also would like to thank Professor J. Berndt for 
pointing out the paper of [G] to him. 

1 Preliminaries on quaternionic Kahler man- 
ifolds 

In this section, we will recall basic properties of quaternionic Kahler manifolds 
that will be needed in the sequel. These properties were proved by Berger 
[B] and Ishihara [I] (also see [Be] ) . 

Let (M n ,g) be a Riemannian manifold, TM the tangent space of M and 
V the Levi-Civita connection. The Riemannian curvature R : TM ® TM <S> 
TM — ► TM is defined by 

R(X, Y)Z = V X V Y Z - V Y V X Z - V [x ,y] z 

If {ei, • ■ • , e n } is an orthonormal basis of TM, the components of curvature 
tensor is defined by 

RijM = (R(ei,ej)ei,ek), 
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the Ricci curvature is defined by 

n 

Ric M (X,F) =Y^(R(X,e i )e i ,Y), 
i=i 

and the scalar curvature is defined by 

n 

Sm = y^A R ( e ii e j) e 3' e i)- 

Definition 1.1. A quaternionic Kdhler manifold (M,g) is a Riemannian 
manifold with a rank 3 vector bundle V C End(TM) satisfying 

(a) In any coordinate neighborhood U of M , there exists a local basis {I, J, K} 
of V such that 

I 2 = J 2 = K 2 = -1 
I J = -.11 = K 
JK = -KJ = I 
KI = -IK = J 

and 

(IX, IY) = (JX, JY) = (KX, KY) = (X, Y) 
for all X,Y e TM. 

(b) If<f) e T(V), then V x G T(V) for all X e TM. 

Remark 1.1. It follows from (a) that dimM = An. A well known fact about 
An- dimensional Riemannian manifold is that it is quaternionic Kdhler if and 
only if its restricted holonomy group is contained in Sp(n)Sp(l). 

The 4-dimensional Riemannian manifolds with holonomy Sp(l)Sp(l) are 
simply the oriented Riemanian manifolds, naturally we only consider those 
when n > 2. 

Notice that in general /, J, K are not defined everywhere on M. For 
example, the canonical quaternionic projective space QP n admits no almost 
complex structure. 

On the other hand, the vector space generated by /, J, K is well defined 
at each point of M and this 3-dimensional subbundle V of End(TM) is in 
fact "globally parallel" under the Levi-Civita connection V of g. A basic fact 
about the connection is the following lemma. 
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Lemma 1.1. The condition (b) is equivalent to the following condition: 

V X I = c(X)J-b(X)K, 
V X J= -c(X)I + a(X)K, 
V X K = b(X)I -a(X)J, 
where a, b, c are local 1-forms. 

Definition 1.2. Let (M,g) be a quaternionic Kdhler manifold. We can 
define a 4-form by 

where 

= (■,!■), 
w 2 = (;J-), 

Let {ei, lei, Je±, Kei, ■ ■ ■ ,e n , Ie n , Je n , Ke n } be an orthonormal basis of 
TM and {9\ I9\ J9\ K9 1 , ■■■ ,6 n , I9 n , J6 n , K6 n , } the dual basis. It follows 
that 

n 

Ul = (P A IP + J9 i A K9 l ) , 
i=i 

n 

i=i 

n 

cj 3 = ^ (0* A #0* + I9 i A J0 4 ) , 
i=i 

and 

Jl = (0* A 70* A j A I6 j + 0* A J0* A j A J0 j + 0* A A j A 

+ ( J ^ A ^ A J0j A x ^ + K0i A /0< A ^ A I0j 

+ J0* A J9 l A J0 j A J9 j ) 

+ 2 (0* A I0i A A K0j + & A ^ A ^ A ^ 
+ 9 { A K9 l A J0 j A J9 j ) . 
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Lemma 1.2. The condition (6) is equivalent to the following condition: 

Vx^i = c{X)uj 2 - b(X)uj 3 , 
Viw 2 = -c(X)uj 1 + a(X)u 3 , 
V1U3 = b(X)ui — a(X)uj2- 

where a, b, c are local 1- forms. 
Proof: It follows from the identities 

(V x u 1 )(Y,Z) = {Y,(V x I)Z), 
(V x u 2 )(Y,Z) = {Y,(V x J)Z), 
(V x lu 3 )(Y,Z) = (Y,(V x K)Z). 

□ 

Using this lemma, we have that 
Theorem 1.1. The condition (6) is equivalent to that Q is parallel, that is 

v x n = 

for any X G TM. 

In the following, we shall study the curvature of quaternionic Kahler 
manifold. First we have the following lemma. 

Lemma 1.3. If (M in ,g) is a quaternionic Kahler manifold, then 

[R(X, Y),I] = 7 (X, Y)J — P(X, Y)K, 
[R(X, Y),J] = - 7 (X, Y)I + a(X, Y)K, 
[R(X, Y),K}= (3(X, Y)I - a(X, Y)J, 

where a, f3 and 7 are local 2- forms given by 

a = da + b A c, 
(3 = db + c A a, 
7 = dc + a A b. 
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Corollary 1.1. If (M 4n ,g) is a quarternionic Kahler manifold, then 

(R(X, Y)Z, IZ) + (R(X, Y)JZ, KZ) = a(X, Y) \Z\ 2 , 
(R(X, Y)Z, JZ) + (R(X, Y)KZ, IZ) = (3(X, Y) \Z\ 2 , 
(R(X, Y)Z, KZ) + (R(X, Y)IZ, JZ) = 7 (X, Y) \Z\ 2 . 

The following lemma is the key for quaternionic Kahler manifolds. 
Lemma 1.4. If (M 4n ,g) is a quaternionic Kahler manifold and n > 2, then 

a(X, IY) = (3(X, JY) = 7 (X, KY) = i-Ric M (X, Y). (1.1) 

As applications of the above lemma, one can show the following two main 
theorems on curvature of quaternionic Kahler manifolds. 

Theorem 1.2. // (M 4n ,g) is a quaternionic Kahler manifold and n > 2, 
then (M 4n ,g) is Einstein, that is, there is a constant 5 such that 

Ric M (g) =4(n + 2)5g. 

Theorem 1.3. // (M 4n ,g) is a quaternionic Kahler manifold and n > 2, 
then 

(1) For any tangent vector X , the sectional curvature satisfies 

(R(X, IX)IX, X) + (R(X, JX)JX, X) 

+ (R(X,KX)KX,X) = 125 \X\ 4 . 

(2) For any tangent vector Y satisfying 

(Y, X) = (Y, IX) = (Y, JX) = (Y, KX) = 0, 

the sectional curvature satisfies 

(R(X, Y)Y, X) + (R(X, IY)IY, X) + 
(R(X, JY)JY, X) + (R(X, KY)KY, X) = 45 \X\ 2 \Y\ 2 , 

where 4(n + 2)5 is the Einstein constant. 
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Finally, we end this section with the following lemma. 

Lemma 1.5. Let 7 : [a, b] — > M be a geodesic with unit speed. If S = 
16n(n + 2)5, and Xj(t), Xj(t), X K (t) are parallel vector fields along 7 such 
that X/(a) = Ii{a),Xj{a) = Ji{a),X K (a) = Ki(a), then 

K{i(t),X!{t)) +K{j(t),Xj{t)) + K,{i{t),X K {t)) = 125, 
for all t and 7. 

Let Y be a tangent vector at 7(a) satisfying ( / ~f'(a),Y) = 0, {I^\a),Y) = 
0, (J^'(a), Y) = 0, and (K^'(a), Y) = 0. If we denote the parallel vector fields 
Y(t), Yj{t), Yj(t), andY K (t) along 7 with initial dataY(a) = Y, Yj{a) = IY, 
Yj(a) = JY , and Yk(o) = KY , respectively, then 



/C( 7 '(0, Y{t)) + K,{i{t), Yj(t)) + /C(Y(f), Yj(t)) + /C( 7 '(0, Y K {t)) = 45, 



for all t and 7. 

Proof. By the discussion above, we know the 3-dimensional vector 
space E(t) spanned by X(t), Y(t), Z(t) does not depend on the choice of 
I, J, K. Hence it is parallel under the Levi-Civita connection. We consider 
{R(-, ^'(t))Y(t), ■) as a symmetric bilinear form on E(t). Then /C(7'(t), X(t)) + 
/C(7'(t), Y(t)) + K,(j'(t), Z(t)) is its trace on E(t) which independent of the 
choice of orthonormal basis. By the computation above it is equal to 125. 
The same argument also applies to the second part of the lemma. □ 

2 Laplacian comparison theorem 

For a complete Riemannian manifold M and p G M , let us denote the cut 
locus with respect to p by Cut{p). 

Theorem 2.1. Let (M 4n , g) be a complete quaternionic Kahler manifold with 
scalar curvature Sm > 16n(n + 2)5 and let r(x) be the distance function to a 
fixed point p G M. Then, for x Cut{p), 




when 5 = — 
when 5 = 
when 5=1. 
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(2.1) 
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Proof. Let 7 be the minimizing geodesic joining p to x. At x, we choose 
{ei, e 2 , ■ ■ ■ , e n }, and two local almost complex structures /, J and K = IJ 
such that e\ — Vr and 

{ei, let, Jei, Ke x , e 2 , Ie 2 , Je 2 , Ke 2 , ■ ■ ■ , e n , Ie n , Je n , Ke n } 

is an orthonormal frame. By parallel translating along 7 we obtain an or- 
thonormal frame with e\ = Vr. For convenience sake, we denote this frame 
by {ei,e 2 ,-- - ,e in }. Since |Vr| 2 = 1 on M\Cut(p), by taking covariant 
derivative of this equation, we have 



1 2 

\kl 



= |Vr| 

4n in 

= 2 r ik r u + 2 r^ fc; , (2.2) 
i=i i=i 

for each k, I = 2, • • • , An. Since 

n 

r ikl = r kli + Rjkil r j, 

i=i 

with R ijk i = (R(ei, Ej)ei, e k ), and n = 1, r,- = 0, j = 2, • • • , 4n, we have 

4n 

^ + r fe a + i^ifcii = 0. (2.3) 

i=l 

In particular, if k = I, we have 

4n 

^d + r ttl + /C( £l , £fc ) = 0, (2.4) 

i=l 

where K(e\,ek) = R\ k ik is the sectional curvature of the 2-plane section 
spanned by £i,£fc. Using the inequality 



k=2 k=2 

and setting f(t) = ^2 k =2 r kk, (I 2.41) implies that 

nt)+\f(t)+j2^^k)<o. (2.5) 



fc=2 
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By Lemma [1.5[ we have 

f(t) + ±f 2 (t) + l25<0. (2.6) 

Since a smooth Riemannian metric is locally Euclidean, then lim^ tf(t) = 3. 
By a standard comparison argument for ordinary differential equations, we 
conclude that 

{6 cot 2t when 5=1 
M' 1 when 5 = (2.7) 
6 coth 2t when 5 = — 1 . 

Similarly, using the inequality 

4i+4 4i+4 



E ^ ^ t( E 



k=4i+l fc=4j+l 



for 1 < i < n — 1, and setting hi(t) = J2t=ti+i r kk, (I 2.4j) implies that 



=4i+l 

4i+4 



^) + k 2 W+ E «(ei,e*)<0. (2.8) 



4 

fc=4i+l 

Together with Lemma 1.5 asserting that 

4i+4 

^(ei,efc) = 

fe=4i+l 

we have 



^(t) + ^ 2 (t) + 45<0. (2.9) 



Hence, as before, we conclude that 



4 cot t when 5=1 
hi(t) < { At' 1 when 5 = (2.10) 
4 coth i when 5 = — 1 . 



The result follows from the equation Ar(x) = f(r(x)) + Y17=i hi(r(x)). □ 

Remark 2.1. TTie estimate in Theorem \2.1\ is sharp since the right hand 
sides are exactly the Laplacian of the distance functions of quaternionic hy- 
perbolic space QH™ ; quaternionic Euclidean space Q n and quaternionic pro- 
jective space QP n respectively. 
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Remark 2.2. We actually proved the estimate for Hessian of the distance 
function. In particular, 




6 cot 2t when 5 = 1 

3t^ when 5 = (2.11) 
6coth2t when 5 = — 1. 



4 cot 2t when 5=1 

At' 1 when 5 = (2.12) 
fc=4i+i I 4coth2t when 5 = — 1. 

Corollary 2.1. Let (M An ,g) be a complete quaternionic Kahler manifold 
with scalar curvature Sm > —16n(n + 2). Then for any point x G M and 
r > 0, the area A{r) of the geodesic spheres centered at x satisfies 

A'(r) 

— i4- < 6coth2r + 4(n- l)cothr. (2.13) 
A(r) ~ 

In particular, A(r) < C(sinh2r) 3 (sinhr) 4 ( n - 1 ) < Ce^ n+2 >. 

Corollary 2.2. Let (M 4n ,g) be a complete quaternionic Kahler manifold 
with scalar curvature Sm > — 16n(n + 2). Then for any point x e M and 
< r\ < r 2 , the volume of the geodesic balls centered at x satisfies 

Vx(r 2 ) %Hr 2 ) , , 

v x (n) ~ v m n( ri y 1 • ) 

where VQu n (r) denotes the volume of the geodesic ball of radius r in QH n . In 
particular, A X (M) < (2n + l) 2 . 

Corollary 2.3. Let (M 4n ,g) be a complete quaternionic Kahler manifold 
with scalar curvature Sm > 16n(n+2) . Then it is compact, and the diameter 
d(M) < | ; which is the diameter of the model space QP n . Moreover, the 
volume of M is bounded by 

V(M) < V(Q¥ n ), (2.15) 

where Vqp" is the volume of < 
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3 Quaternionic harmonicity 



In this section we will derive an over-determined system of harmonic func- 
tions with finite Dirichlet integral on a manifold with a parallel form. This 
result was first proved by Siu [S] for harmonic maps in his proof of the rigidity 
theorem for Kahler manifolds. Corlette [Clj gave a more systematic approach 
for harmonic map with finite energy from a finite-volume quaternionic hy- 
perbolic space or Cayley hyperbolic plane to a manifold with nonpositive 
curvature. In [L], the second author generalized Siu's argument to harmonic 
functions with finite Dirichlet integral on a Kahler manifold. We will pro- 
vide an argument that generalizes Corlette's argument to harmonic functions 
with finite Dirichlet integral on a complete manifold with a parallel form. We 
believe that it should be of independent interest. 

Theorem 3.1. Let M be a complete Riemannian manifold with a parallel 
p-form Q. Assume that f is a harmonic function with its Dirichlet integral 
over geodesic balls centered at o of radius R satisfying the growth condition 

[ \Vf\ 2 dv = o(R 2 ) 
JBo(r) 

as R — > oo ; then f satisfies 

d*(dfAn)=0. (3.1) 

Before we prove the theorem, let us first recall the following operators 
and some of the basic properties. For an oriented real vector space V with 
an inner product, we have the Hodge star operator 

* : A P V -> A n - p V. 

For any 9 E /\ X V and v G V, we also have exterior multiplication and interior 
product operators 

e(9) : A P V -> A P+1 V, 
£(v) : A P V -> A p - l V. 

For 9 G A 1 ^ and v G V is the dual of 9 by the inner product, if £ G A P V we 
list the following identities among the operators: 
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1. **£ = (-1)p(»-p)£, 

2. *e(0)£ = (-l)^(i;)*£, 

3. e^)*^^- 1 *^, 

4. * e (0) * £ = (-l)^- 1 )^)^^)^ 

5. l{v)e{6% + e(0)*(v')£ = 0, where v±v', 

6. £(v)e(0)£ + e(0)*(t;)£ = £. 

We are now ready to prove Theorem 13.11 
Proof of Theorem 13.11 Let rj : [0, +00) — > R be a smooth function satis- 
fying r]'(t) < 0, and 



7j(t) 



1 when t G [0, 1] 
when £ G [2, +00]. 



For R > 1, we define the cut-off function 4>r(x) = r](r(x)/R), where r(x) 
is the distance function from a fixed point o G M, then there is a positive 
constant Ci depending on 77 and C such that 

{VM^l^CiR- 1 . 

Since <i 2 = 0, then 

0= I d{<p 2 R * (df Att) Ad* (df A*tt)} 



M 



d(<p 2 R ) A *(df AQ) Ad* (df A 



M 



+ [ <p 2 R d*(dfAtt) Ad*(df A*tt). (3.2) 



We claim that 



* d * {df A Q) = (-l) n ~M * (df A (3.3) 

In fact, for any point x G M, we can choose an orthonormal tangent basis 
{e;}™! in a neighborhood of x such that V ei ej(x) = 0. Denote by 
the dual basis of {e;}^. Then for lu G A p (T*M) we have 

duj = e(0 i W P .u. 
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Hence 



d * (df A = d * e(df) * Cl 



rn 



i=l 
m 

;_1)(p-i)(»-p) £ ^)( Ve! V ej /)(%)fi) 



m 

= (_i)&-i)(^)£ /ye ( £ i.)(i( e .)n) i 

where = V ei V e ./ and the facts Q is parallel and V ei ej(x) = have been 
used. On the other hand, 



*d * (df A Q) = *d * e{df)tt 

m m 

i=l j=l 
rn 

m 

= (-i)^-f- 1 ) ]T fiAeiWejn 

ij=l 

i=i ijtj 

tm m 

i=l i^j / 
m 

= (-i)^ ra -^ 1) E/^)(Aci)n) ) (3.4) 

where we used /y = fa and J^=i = 0- So the claim is proved. By fl 3.2j) . 
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we have 

<f) 2 R \d* (df AQ)\ 2 dv 

M 

= (-l) m [ d(<p 2 R ) A *(df A O) A d * (df A 

J M 

<2^y R \d* Att)\ 2 d v y (^j \d0 R \ 2 \*(df Att)\ 2 d v y (3.5) 

On the other hand, (I 3.3p and the fact that uj is bounded imply that there 
exists a constant C 2 > 0, such that 

|*(d/Aft)| <C 2 \df\ 
\d* (df A*ft)| = |d* (d/ AQ)|. 

Hence combining with ( 1 3.5[) and using the definition of 4>r we conclude that 



/ \d* (df Att)\ 2 dv < C X ET 2 [ \df\ 2 dv. 

JB {R) Jb o (2R) 



The assumption on the growth of the Dirichlet integral of / implies that the 
right hand side tends to zero as R — > 00. Therefore d * (df A fl) = 0, and the 
proof is complete. □ 

Lemma 3.1. Let (M An ,g) be a quarternionic Kdhler manifold andn > 2. // 
f is a function on M satisfying 

d*(dfAtt)=0 (3.6) 

for the 4-form Q determined by the quaternionic Kdhler structure, then f is 
quaternionic harmonic, namely, for any nonzero tangent vector X , 

fx,x + fix,ix + fjx,jx + fxx,KX = 
where f XiX = Vdf(X,X). 
Proof: Let 

WK4L1 = {ei, e 2 , • ■ ■ , e n , Jei, ie 2 , ■ • ■ , ie n , 

Jei, Je 2 , • ■ ■ , Je„, Ke ± , Ke 2 , ■■■ , i^e n } 
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be an orthonormal basis of TM and {oja} the dual basis with e\ = p^y . Since 
fl is parallel, by ( 1 3.4[) and ( 1 3.6[) . we have 

in 

= J2^e A df)At(e A )n 

A=l 
An 

= ^ e -4' e s A l(e A )tt 

A,B=l 

where we have used the fact that / is a harmonic function. Hence equation 
(I 3.61) implies 

4n 

f*A,e B w s A K e A)^ = 

A,B=1 

Comparing the coefficient of A Iu>i A JcUj A ifcUj on both sides by the explicit 
formula for Q given before, we obtain that 

6 (/ei,ei + fleiJa + fje it Jei + fKe^KeJ = 

for all ej, (1 < i < n). So the proof is complete. □ 
The following corollary is an immediate consequence of the lemma. 

Corollary 3.1. Let M 4n be a complete quaternionic Kdhler manifold. As- 
sume that f is a harmonic function with its Dirichlet integral satisfying the 
growth condition 

[ \Vf\ 2 dv = o(R 2 ) 
Jb (r) 

as R —> oo, then f must satisfy 

d*(df AST) =0, (3.7) 

where Q is the parallel 4-form determined by the quaternionic Kdhler struc- 
ture. Moreover, f is quaternionic harmonic. 
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4 Uniqueness of infinite volume end 



Recall that for any complete manifold if Ai(M) > then M must be non- 
parabolic. In particular, M must have at least one nonparabolic ends. It was 
also proved in [LWlj that under the assumption that Xi(M) > 0, an end is 
nonparabolic if and only if it has infinite volume. 

Let us assume that M has at least two nonparabolic ends, E% and Ei- 
A construction of Li- Tarn |LT] asserts that one can construct a nonconstant 
bounded harmonic function with finite Dirichlet integral. The harmonic func- 
tion / can be obtained by taking a convergent subsequence of the harmonic 
functions f R , as R — > +oo, satisfying 

Af R = on B(R), 

with boundary conditions 

f R = 1 on dB(R) n Ex 

and 

f R = on dB(R)\ Ex. 

It follows from the maximum principle that < f R < 1, hence < / < 1. 
We need the following estimates from [LWlj (Lemma 1.1 and 1.2 in [LWlj ). 
and jLW3] (Lemma 5.1 in [LW3] ). 

Lemma 4.1. Let M be a complete Riemannian manifold with Xi(M) > 0. 
Suppose M has at least two nonparabolic ends and E be an end of M. Then 
for the harmonic function f constructed above, it must satisfy the following 
growth conditions: 

1. There exists a constant a such that f — a G L 2 (E). Moreover, the 
function f — a must satisfy the decay estimate 

[ (/ - a) 2 < Cexp(-2v^(E)i?) 

JE(R+1)\E(R) 

for some constant C > depending on f , Xi(E) and the dimension of 
M. 
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2. The Dirichlet integral of the function f must satisfy the decay estimate 



/ \Vf\ 2 <Cexp(-2^(E)R), 

J E(R+1)\E(R) 

and 

[ exp(-2v^GB)r(x))|V/| 2 < CR 

JE(R) 

for R sufficiently large. 

Lemma 4.2. Let M be a complete Riemannian manifold with at least two 
nonparabolic ends and Aj.(M) > 0. Then for the harmonic function f con- 
structed above, for any t G (inf /, sup /) and (a, b) C (inf /, sup /) ; 

/ \Vf\ 2 = (b-a) / |V/|, 

J C(a,b) J 1(b) 

where 

l(t) = {xeM\f{x) = t}, 

and 

C(a,b) = {xe M\a < f(x) < b}. 

Moreover, 

[ |V/|= / |V/|. 

Jl(t) J 1(b) 

We are now ready to prove Theorem 10.51 
Proof of Theorem 10. 5t Suppose to the contrary that there exist two ends 
Ei and E 2 with infinite volume. The assumption that Ai(M) > implies that 
they are nonparabolic. By the construction above, there exists a harmonic 
function / with finite energy such that 

liminf f(x) = 1 

x—>oo,x£Ei 

and 

liminf f(x) = 0. 

x— too, xdE2 

The Bochner formula implies that 

±A| V/| 2 = Ric M (V/, V/) + | V 2 /| 2 . (4.1) 
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We now choose an orthonormal basis {e^}^^ satisfying 



{ei, e 2 , • ■ • , e n , Ie x , Ie 2 , • ■ ■ , Ie n , Je x , Je 2 , ■ ■ ■ ,Je n , Kei, Ke 2 , • - , Ke n } 
with ei = |^4. Corollary 13.11 implies that 

3 



/] /(m+l)(m+l) ~ 0. 
i=0 

Therefore, applying the arithmetic-geometric means, we have 

An 

ivvr = e f 2 AB 

A,B=1 

3 An 

i=l A=2 
^3 4n 

> /ll + nC^2 f(in+l)(in+l)Y + 2 



t=l A=2 

>^|V|V/|| 2 , (4.2) 



hence combining with (I 4.1[) we obtain 
1 



2 A| V/| 2 > -4(n + 2)| V/| 2 + -|V|V/| | 2 . (4.3) 



2 

If we write u = |V/|s, then 

8(n + 2) , . 

Am > 3 M - (4.4) 

We want to prove that the above inequality is actually an equality. The 
argument follows from that in |LW4] after making suitable modification to 
fit our situation. For any compactly supported smooth function on M, we 
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/ > / , 8(n + 2) 
< / <b 2 u Au + — - — — — -u 



have 



M 

<-2 / 0u(V?i,V0)- / (j) 2 \Vu\ 2 + Ai(M) / (0m) 2 

</M A/ JAf 

<-2 / 0m(Vm,V0)- / 2 |Vm| 2 + / |V(0m)| 2 

7 M JM J M 

= [ |V0|V. (4.5) 

J M 

Let us choose = -0% to be the product of two compactly supported 
functions. For any e G (0, \), we define 



on £(0,ce) U £(1 - |, 1) 
(log2)- 1 (log/ - log(f)) on £(§,e) n (M\ ^) 
(log2)- 1 (log(l - /) - log(|)) on C(l - e, 1 - f ) n E x 

1 otherwise. 



For R > 1 we define 

f 1 onB(ii-l) 

V>=< R-r on B(R)\B(R-l) 

{ on M\ B(R). 

Applying to the right hand side of (I 4.5j) . we obtain 

/ |V0|V<2/ |V^|V|V/|i+2 / |V X |V|V/|i (4.6) 

Since RicM > — 4(n + 2), then the local estimate of Cheng- Yau [CYj (see also 
[LW2J) implies that there exists a constant depending on n such that 

|V/|(*)<C|l-/(z)|. 
On Ei, the first term of (I 4.61) satisfies 



IVVMV/Ia < ( / |V/| 2 ) ( / 1) , (4.7) 

M 
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where ft = E x n \ - 1)) n (£(1 - e, 1 - §) U £(§, e). Since 

:w) 2 



1 < 4 



n 



e 2 



e 2 



Q 

2 



< 4C , £-'exp(-2 v / Aii?), 

where in the last inequality we have used Lemma 14. 11 Again by Lemma I4.1[ 
from (j 4.7j) we have 



I W>| V|V/|3 < C£-5 exp(-2 v / Aii?). (4.8) 

M 



For the second term of (I 4.6p we have 
|Vx|V|V/|* 



Ei 

-2 / IV7/l4+2/i f\-2 



<(log2)" 2 / I V/|*+-(l - /) 

V£(i- £ ,i-|)nSinB(fl) 

<C(log2)- 2 / |V/| 2 (1-/)- 

V£(l- e ,l-| )n£inB(_R) 

Using the co-area formula and Lemma 14.21 we have 

IW| 2 (i-/)-i 

£(l-e,l-f)nSinB(fl) 



l-e J litjnExllBiR) 



< C / |V/|tL4 / (l-t)-3£ft 

= -3C[(l-t)^l| / |V/|dA 



i(6) 



3C £ 3 / |V/|dA 



H(b) 

Combining the above inequality with (I 4.8p we have 



|V0|V < C(e3 exp(-2VAi-R) +£ 3 ). (4.9) 
23 



A similar argument using / instead of 1 — / on the other end yields the 
estimate 

| V0| V < C{e* exp(-2v^i?) + £3). 



/ 

J M 



Letting R 



'M\Ex 

oo and e 



0, we have 
Au = — 



n 



2) 



-u 



(4.10) 



with Ai(M) = 8 ( n + 2 ' ; since / is nonconstant and u cannot be identically zero. 
Therefore all the inequalities used to prove (I 4.4p are equalities. Thus there 
exists a function /i, such that, 



AB ) 



\ 



Do 



Do 



\ 



D 2 ) 



(4.11) 



where D\ and D 2 are n x n matrices defined by 



/ -3/i 



\ 



and 



Do 



( H 



\ 



0/ 

\ 



0/ 



Since / la = for a ^ 1 implies that |V/| is constant along the level set of 
/. Moreover, regularity of the equation (I 4.101) implies that |V/| can never 
be zero. Hence M must be diffeomorphic to M x JV, where N is given by the 
level set of /. Also iV must be compact since we assume that M has at least 
2 ends. 

Fix a level set N of /, consider (— e, e) x N C M. Note that {e^} is an 
orthonormal basis of TM such that e\ is the normal vector to iVo and {e a } 
are the tangent vectors of iVo- We shall compute the sectional curvature 



£(ei,e a ) = (R(e 1 ,e a )e a ,e 1 ). 
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We claim that 

V ei ei = 0. 

Indeed it suffices to prove all integral curves r](t) of the vector field e\ = ^4 
emanating from N Q are geodesies. For any point t]{to), let 7 be the geodesic 
realizing the distance between 77 (£0) and Nq. Then 7 is perpendicular to every 
level set N t . So 7' is parallel to t\ along 7. This implies 7 coincides with the 
integral curve of e 1 . 

Let (h a p) with 2 < a, (3 < An be the second fundamental form of the level 
set of /. Then 

h a pfi = -f a p, (4.12) 

and 

An 

V eQ ei = - ^ h af3 ep. 

(3=2 

By the definition of curvature tensor, we have 

(R(ei, e a )ei, e a ) = (V ei V ea ei - V ea V ei ei - V [ei , ea ]ei, e a ) 
= (V ei V ea ei,e a ) - (V [ci) e a ]ei,e a ) 
= (V ei V ea ei,e a ) - (V Vei e a -v ea e 1 ei, e a ) 

4n 



= (V ei V ea ei,e a ) -^2(V ei e a ,ep)(S7 ef3 e 1: e a ) 

13=2 
An 

+ ^2(^e a ei,ep)(W eg e 1 ,e a ) 



f3=2 

An An An 

-^2(^e 1 (h a pe f3 ),e a ) +^2h aP (V ei e a ,ep) + ^h 2 af3 

(3=2 (3=2 (3=2 

An An 

0=2 (3=2 
An 

+ ^2h a p(V ei e a ,e p ) + h 2 al3 

(3=2 

An 

-eih aa + 2^2 ^a/3(V ei e a , e p ) + h 2 afS . 

(3=2 
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Therefore 

4n in 

£(ei, e«) = ei/i Qa - 2 h a p(\7 ei e a , e ) - (4.13) 

/3=2 /3=2 

Since /i ai g is diagonal, this implies that 

fc(ei,e a ) = eih aa - h 2 aa . 

Combining with (I 4.111) and (I 4.121) . we conclude that 

£(ei, e 2 ) = /C(ei, Je 2 ) = K(ei, Je 2 ) = /C(ei, Ke 2 ) = 

which implies M is Ricci flat by Theorem 11.31 This contradicts to the as- 
sumption that Ai > 8 ^" 3 +2 ^ > 0. Therefore M must have only one end with 
infinite volume. □ 



5 Maximal first eigenvalue 

In this section, we will consider the case when Ai(M) is of maximal value. 
Proof of Theorem 10.61 According to Theorem 10.51 we know that M has 
exactly one nonparabolic end. Suppose that M has more than one end. Then 
there must exist at least an end with finite volume. We divide the rest of the 
proof into several parts. The first part follows exactly as that in the proof of 
the corresponding theorem in the Kahler case (Theorem 3.1) in [LW5j . For 
completeness sake, we will give a quick outline of it. 

Part 1. Assume that E\ is such an end with finite volume given by 
M \ B P {1). Then we can choose a ray r\ : [0, +oo) such that 7/(0) = p and 
T][l, +oo) C Ei. The Busemann function corresponding to 7 is defined by 

P(x) = lim [t - d(x,T}(t))]. 

The Laplacian comparison theorem, Theorem 12.11 asserts that 

A(3 > -2(2n + l) 

in the sense of distribution. We define the function / = exp((2n + l)/3), and 
using the fact that |V/3| = 1 almost everywhere, we have 
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Af = (2n + 1) exp((2n + l)/3)A/3 + (2n + l) 2 
>-{2n + lff. 

Similar to the proof of above theorem, we conclude that for any compactly 
supported function 0, 

0< / (A/+(2n + l) 2 /)/0 2 

J M 



< [ / 2 |V0| 2 . 

J M 

By choosing the function to be 



1, on B P (R); 

ouB p (2R)\B p (R); 
0, onM\B p (2R); 



we obtain 

/ 2 |V0p 

1 



(B p (2R)\B p (R))nE 1 
K i=l -'(-B 3 ,(-R+i)\-B p (-R+i-l))n£;i 



< ^(^(i? + i) - V El (R + i - 1)) exp(2(2n + 1)(R + i)) 



i=l 



where V El (R + i) denotes the volume of the set E 1 PI B P (R + i). On the other 
hand, the volume estimate in Theorem 1.4 of |LW1] implies that 

V El {oo) - V El (R) < Cexp(-2(2n + 1)R), 

hence 

V El (R + i) - V El (R + i-l) 

= V El {oo) -V El {R + i-l)- {V El (oo) - V El (R + i)) 
< Cexp(-2(2n + l)(i2 + i)). 
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Therefore, we conclude that 



J MnEi 



[ fm 2 




Let us now denote E 2 = M \ (B p (l) U E x ) to be the other end of M. 
When x G £2, following the argument in Theorem 3.1 of }LW4j . we have 



and all inequalities used are indeed equalities and / is smooth by regularity 
of the equation (I 5. 1[) . Moreover, \V (3\ = 1, and 

A/5 = -2(2n+ 1). 

This implies that M must be diffeomorphic to R x N, where N is given by 
the level set of (3. We choose an orthonormal basis {ei}f=i as follows 

{ei, e 2 , • ■ • , e n , Ie x , ie 2 , • ■ ■ , Ie n , Je x , Je 2 , • • • , Je n , Ke x , Ke 2 , • ■ ■ , Ke n } 
with ei = V/3. Applying the Bochner formula to /3, we get 



p(x) < -d(p,x) + 2. 



Therefore 



J (B p (2R)\B p (R))nE 2 

c 

< — . 

- R 

Letting R — > +00, we conclude that 

Af + (2n + Iff = 




(5.1) 




in in 



i,j=l i=l 
in 
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By the comparison theorem, we have, 



i=0 



Hence 



/3(m+l)(m+l) — — 6. 

( D x \ 

where Di and D 2 are n x n matrices defined by 



and 



Dn 



(0 
\ 

/ -2 

V 



1 / 



\ 



- 1 / 



Part 2. For a fix level set N of /3, we consider (— £, e) x N C M. Note 
that {ej} is an orthonormal basis of TM such that ei is the normal vector 
to iVo and {e a }, for 2 < a < An, are the tangent vectors of N . We shall 
compute the sectional curvature 

£(ei,e Q ) = (i?(ei,e Q )e Q ,ei). 

Since V ei ei = implies that the integral curves of ei are geodesies. Let (h ai ) 
be the second fundamental form of the level set of V/3. Then 



h, 



07 



and 



(V ea e 7 ,ei) 
(V ea e 7 ,V/5) 

/^«7 
4n 
7=2 



(5.2) 



29 



By (I 4.13p in the proof of Theorem 10.51 we have 

4n 4n 

(R(ex, e a )ei, e a ) = -e x h aa + 2 /Wy(V ei e 7 , e^) + h 

7=2 7=2 

Since (/i a7 ) are constant and diagonal, then 

K,{e x ,e a ) = -h 2 aa . 

In particular, we have 
^C(ei,e a ) = 



—4 when a = in + 1, % = 1, 2, 3 
— 1 otherwise. 



On the other hand, we also have 

)C(e n+ i, e 2n +i) + /C(e n+ i, e 3n+ i) = -12 - /C(ei, e n+ i) = 
^C(e n+ i, e 2n+ i) + /C(e 3n+ i, e 2n+ i) = —8 
^C(e3n+i, e 2n +i) + /C(e n+ i, e 3n+ i) = —8, 

hence 

A^(e ra+ i, e 2n+ i) = /C(e ra+ i, e3„ + i) = /C(e 2n+ i, e3 n+ i) = - 

Since for a = 2, 3, • ■ ■ , n, 

K.(Iei,e a ) = -(R{Iex,e a )Iex,e a ) 

= -(/i?(Jei,e Q )Jei,/e a ) 
= (R(Iex, e a )e h Ie a ) 
= (R(e 1 ,Ie a )Ie 1 ,e a ) 
= IC(e 1 ,Ie a ) 
= -1, 

and /C(Jei,e Q ) = JC(Kei,e a ) = —1, we have 

for all i — 0, 1, 2, 3 and 1, n + 1, 2n + 1, 3n + 1. 
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Let JC N (e a , e 7 ) denote the sectional curvature of the level set with induced 
metric. By Gaussian equation, 

/C (^q/, ^7) ^(^a> ^7) foaafoyyi 

it is straightforward to obtain 

fc N {Zn+U C2n+l) = (e n+ i , e3 n+ i) = /C^^n+l, e3„+i) = 0, 

and 

IC N (e in+l ,e a ) = 1, (5.3) 

for all i — 1,2,3 and 1, n + 1, 2n + 1, 3n + 1. 

Part 3. There is a natural map ipt between the level sets Nq and N t given 
by the gradient flow of [3. Since the integral curves are geodesies, dip t (X) are 
Jacobi fields along corresponding curves. Let (N, g ) = N with the induced 
metric. We can consider ip as a flow on N. We claim that 

d(pt\v! = e 2 * id 

and 

d(p t \ V2 = e* id, 

where TiV = Vi © \/ 2 , 14 = span{7ei, Jei, Ke^ and = Vf 1 . Indeed for 
any point q G N , denote e±(t) = Vf3((p(t)) and {e a (t)}^ 2 to be the parallel 
transport of the orthonormal base {e a }^L 2 of N at q along (pt(q)- Since both 
Vi and V2 are (^-invariant, we have, in particular, 

(V ei(t) £ Q ,£ 7 ) = 0, (5.4) 

when a e {n + 1, 2n + 1, 3n + 1}, and 7 ^ {n + 1, 2n + 1, 3n + 1}. 
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Now we can compute Riaiy Then 
(R(ex, e a )ei, e y ) 

= (V ei V £a e! - V £ce V ei ei - V [ei|6a] ei,e 7 > 

= (V ei V £7 ei,£ a ) - (V [ei)£a ]ei, e 7 ) 

= (V ei V 6a ei,e 7 ) - (V Vei£a -v eaei ei,£ 7 ) 

4n 



: (V ei V ea ei,e 7 ) - ^(V ei £ a ,£ T }(V £r ei,£ 7 ) 

T=2 

4n 

e a e ii £r)(V £T ei, £ 7 ) 

T=2 

4n 4n 4n 

^ ^ (^ei (^OT^t) ) "I" ^ ^ hry T ( V ei £ a , £ T ) "I - ^ ^ h aT h T -y 

t=2 r=2 r=2 

4n 

■ Cl /l a7 ^ ^ ^aT (^ei £r; £7) 
r=2 

4n 4n 

~i~ ^ ^ h~f T (^7 ei s a , s T ) -\- ^ h ar h T ^. (5-5) 



T=2 T=2 

We see that (h a J) is diagonal and 



2, when a = n + 1, 2n + 1, 3n + 1; 



1, otherwise. 
Therefore, when a 7^ 7, 

Rial"/ ^aa (^ei£cn £7) "I - ^77 (V ei £ a , £ 7 ) 

(/l 77 ^a») ( Vei£a; £7) • 

Since /Iq, q = /i 77 when a, 7 G {n + 1, 2n + 1, 3n + 1} and a, 7 ^ {n + 1, 2n + 
1, 3n + 1}, using (I 5.4p . we have 

Rial-/ = 0, for all a 7^ 7. 

Define 



J a (*) 



e 2 *£ a , when a G {n + 1, 2n + 1, 3n + 1}; 
e - *^, when a ^ {n + 1, 2n + 1, 3n + 1}. 
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Since 

V9^((e a )| i=0 = [ei,ej = -V Ccc e 1: 

ot 

then we see that J a satisfies the Jacobi equation and initial conditions J a (0) = 
e a and J' a (0) = e a = V_e dip t (e a )\t=o- By the uniqueness theorem for the 

dt 

Jacobi equations, we have d(p t (e a ) = J a - The claim is proved. 
Part 4. We have now a family of metrics on N written as 



3 3 n 

.2 



^ 2 = e 4 ^^ +1 + e 2 ^^ 



i=l i=0 a=2 

and the metric of M can rewritten as 

4 An 

ds i = d f + e 4* u> 2 p + e 2t "1 (5-6) 

where w 3 , cj 4 , . . . , cj 4n } is the dual coframe to {e 2 , e 3 , e 4 , . . . , e 4n } at N . 
We also choose that ie 4s _ 3 = e 4s _ 2 , </e 4s _ 3 = e 4s _i, and Ke 4s _ 3 = e 4s for 
s = 1, . . . , n, with ei = J^. In particular, the second fundamental form on N t 
must be a diagonal matrix when written in terms of the basis {ei}f= 2 with 
eigenvalues given by 



((Ve i e j ,e 1 ))=r 1 * T U ), (5.7) 



2/ 3 

i4(n-l) 

where denotes the /c x /c identity matrix. Also, the sectional curvatures of 
the sections containing e± are given by 

/C(ei,ep) = -4 for 2 < p < 4 

and 

^C(ei, e a ) = — 1 for 5 < a < An. 
The Guass curvature equation also asserts that 

Rijki = Rijki + huh kj — h ki hij, 
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where Rijki is the curvature tensor on N t . In particular, 



' Rijkl + SliSkj ~ $kiS, 



R 



kj — <~>kiOlj 



if 



5 < i,j, k,l < 4n 



ijkl 



Rijkl 


+ A5 H 5 kj - 45 


kAj 


if 


2 < i,j,k,l< 


4 


Rijkl 


+ 2 


if 


2 < i 


= / < 4 


and 5 < k 


= j < An 


Rijkl 


+ 2 


if 


2 < k 


= J <4 


and 5 < « 


= 1 <An 


Rijkl 


- 2 


if 


2 < i 


= k < 4 


and 5 < j 


= Z < 4n 


Rijkl 


- 2 


if 


2<J 


= / <4 


and 5 < i 


= fc < An 


Rijkl 


- 2 


if 


2 < k 


= i < 4 


and 5 < j 


= l<An 


„ Rijkl 




otherwise 











(5.8) 



We will now use (I 5.6p to compute the curvature tensor of M and hence 
Nq. Using the orthonormal coframe 

Tji = LO\ = dt, 

7] p = e 2t u p 

for 2 < p < 4 and 5 < a < An, we obtain the first structural equations 



drji = 0, 



(5.9) 



in 



and 



dr] p = 2e uj\ A uj p + e >^ A uj q + e >^ co>p a A co> a 

g=2 a=5 
4 4n 

= -2r/p A 77! + ^ ^ p<2 A r/ 5 + e* ^ cj pQ A rj a , 

q=2 a=5 



dn a = e l uji A uj a + e* cj Qp A uo p + e* co> a/ 3 A up 



4 4n 

l^ap A LOp 
p=2 f3=5 
4 4n 

-?7a A 771 + e~* A 77 P + ^ U »I3 A »7/9> 

p=2 (3=5 



(5.10) 



(5.11) 
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where are the connection forms of N . In the above and all subsequent 
computations, we will adopt the convention that 5 < a, (3 < An, 2 < i,j < 
An, 2 < o, p, q, r < 4, 2 < s, t < n, and 1 < A, B < An. 

Note that using the endomorphism / and the fact that V/ = cJ — bK, 
we have 

= (IV x ej,Iei) 

= (Vxlej, let) + c(X) (J ej , la) - b(X) (Ice,, le t ) 
= (Vxlej, Iej) + c(X) (e j: Ke % ) + b(X)(e j , Je % ) 

for any tangent vector X to N , where V denotes the connection on N Q . 
Hence we conclude that 

uj i:j = u hIj + c fa, Kei) + b (e j} Jei), (5.12) 
where Jj denotes the index corresponding to lei — Similarly, we have 

Vij = Uj iJ:j + c (ej, Ke^ + a (ej, Ie t ), 

and 

ujij = luk.Kj + b (ej, Jei) + a (ej, lei). 
Together with (I 5.7p . we conclude that 

^2(4s-l)(e4s) = — 1 = — ^2(4s)( e 4s-l), 
^2(4s-3)(e4s-2) = — 1 = — ^2(4s-2)(e4s-3), 

for all 2 < s < n, and 

<^2a(e,s) = otherwise. 

Similarly, 

U2a{e p ) = (V ep e Q ,e 2 ) 

= -(V ep /e Q ,ei) 
= 0. 
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These identities imply that 

w 2(4s-3) — "^45-2! 

<^2(4s-2) — ^4s-3? 

^2(4s-l) = ~^4s, 

^2(4s) = <^4s-l- (5.13) 

A similar calculation using the endomorphisms J and K yield 

^3(4s-3) — — ^4s-l, 
^3(4s-2) = ^4s, 
^3(4s-l) = ^4s-3; 
^3(4s) = — ^4s-2, 

I 

^4(4s-3) — — ^4s, 
^4(4s-2) = — ^4s-l, 
^4(4s-l) = ^4s-2, 
C^4(4 S ) = 0->4s-3- 

We claim that the connection forms are given by 
*7i P = ~Vpi 



= 2r] p for 2<p<4, (5.16) 

Via = -Val 

= r] a for 5<a<4n, (5.17) 

ffo = -^p = u pg , (5.18) 

?7pa ?7ap 6 ^pai (5.19) 
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(5.14) 



(5.15) 



V(4s)(3 = -T)f3(4s) 

W(4«)/3 + (1-e -2 * 

^(4s)/3 — (1 

^(4s)/3 if 



*73 



if /3 = 4s - 1 
if p = As - 2 
if = As - 3 

4s -1,4s -2, or 4s - 3, 



(5.20) 



^(4s-l)/3 = -77/3(4 s -l) 



' ^(4s- 


-D/3 + (1-e- 24 




if /? = 


4s 


^(4s- 

< 


-D/3 - (1-e- 24 


) rji 


if p = 


4s - 2 


^(4s- 


-D/3 - (1-e- 24 


)V3 


if /3 = 


4s -3 




^(4s-l)/3 


if 


P ^ 4s, 4s - 


- 2, or 4s - 3 



(5.21) 



?7(4s-2)/3 - -V/3(4s-2) 



-2t\ 
-2t\ 



^(4 S -2)/3 - (1-e" "J r/ 3 



^(4s-2)/3 + (l-e _ ""J ??4 

^(4 S -2)/3 - (1-e -2 *) r] 2 

^(4s-2)/3 if 



if /3 = 4s 
if = 4s - 1 
if /? = 4s - 3 
P + 4s, 4s - l,or 4s - 3, 



(5.22) 



V(4s-3)(3 = -77/3(48-3) 

^(4*-3)/3 + (l-e _2 ')r/ 4 
^(4s-3)/3 + (l-e _2 ')r/ 3 
^(4 S -3)/3 + (l-e~ 2 ')r/ 2 

^(4s-3)/3 if 



if /3 = 4s 
if p = is-l 
if /3 = 4s - 2 
/3 ^ 4s, 4s - l,or 4s - 2. 



(5.23) 



Indeed, if we substitute ( j 5.161 — T 5.231) into the first structural equations 

4 An 

dr/A = Vai/\Vi + ^2 71 Ac * A ^1 + ^ A ^ 

<?=2 /3=5 



we obtain fToT9|) . fSTTUj) . and f53Ij) . 
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To compute the curvature, we consider the second structural equations. 
In particular, 

df] lp - r]i q A 7] qp - 7] la A r] ap 

= 2dr] p - 2i] q A r] qp i] a A r] ap 
= -Ar] p A 771 + ?7 a A ?7 Q p 
= -4??p A 771 + e* A i] a . 

Hence using (I 5.131 — T 5. 15j) . we have 

Ripip 4, 

-Rl2(4s-l)(4s) = — 2 = — -Rl2(4s)(4s-1), 
-Rl2(4s-3)(4s-2) = — 2 = — i?12(4s-2)(4a-3)j 

-Rl3(4s)(4s-2) = — 2 = — i?l3(4 s _2)(4s)) 
-Rl3(4s-l)(4s-3) =2 = — i2l3(4s-3)(4a-l)j 

-Rl4(4s)(4s-3) = 2 = — "l4(4s-3)(4s)( 
-Rl4(4s-l)(4s-2) =2 = — -Rl4(4s-2)(4s-l)j 

and 

RipAB = 0, otherwise. 

Also, 

dr] la - 77lg A 77q„ - Tlx/] A Tjf^ot 

= dr] a - 2r] q A - r)p A ^ 
= -f?a A 771 + e*o; 9a A 

hence 

R\aXa 1) 

-Rl (4s) (4s- 1)2 = — 1 = — -Rl(4s-l)(4s)2) 

-Rl(4s)(4s-2)3 =1 = — -Rl(4s-2)(4s)3; 

-Rl(4s)(4s-3)4 = — 1 = — -Rl(4s-3)(4s)4; 
-Rl(4s-l)(4s-3)3 = — 1 = — -Rl(4s-3)(4s-l)3; 
-Rl(4s-l)(4s-2)4 = — 1 = — -Rl(4s-2)(4s-l)4; 
-Rl(4s-2)(4s-3)2 = — 1 = — i?l(45-3)(4s-2)2, 
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and 

RiaAB = otherwise. 



Similarly, 



dflpq - Vpl A Vlq - Vpr A TJrq - Vp/3 A TJ/3q 

= dwp q + Ar] p Arj q - u pr A u rq - e 2t uj pf3 A up q 
= Cl pq + (1 - e 2t ) ujpf} A copq + 4i] p A i] q , 



where 



Q pq ^ Rpqij^j A 



is the curvature form of N . In particular, this implies that 

-4+e~ 4< Rp q p q if r = p and o = q 
Rpqro = \ 4+e~ 4 ' Rpggp if t — q and o = p (5.24) 



4< -Rpgro otherwise, 



-R23(4s)(4s-3) = e 2< -R23(4s)(4s-3) ~ 2(e 2 * — 1), 
#23(4s-l)(4s-2) = e~ 2< -R 2 3(4s-l)(4s-2) ~ 2(e~ 2 * — 1), 

-R24(4s)(4s-2) = e 2< -R24(4s)(4s-2) ~ 2(e 2 * — 1), 
#24(4s-l)(4s-3) — e 2< -^24(45- l)(4s-3) + 2(e 2< — 1), 

i?34(4s)(4s-l) = 6 2< -R34(4 s )(4s_i) — 2(e 2 * — 1), 
-R34(4s-2)(4s-3) = e 2 * -R34(4s-2)(4s-3) — 2(e 2 * — 1), 



and 



-Rpg Q /3 = e 2 * -R pga/ 3, otherwise. 
We now continue with our curvature computation and consider 

dl]pa - T]pl A Via - Vpq A Tjqa - VpP A T)(3a 

= die 1 u pa ) + 2i] p Ai]a- u pq A e* u qa - e* u; p/3 A 77^ 

= e* 771 A cj pa + ^RpaijUJj AUi + 2r] p A ?? Q + e* u; p/3 A (c^ - 77^), 
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where R pa ij is the curvature tensor of N . Using (I 5.131 — T 5. 151) and (j 5.201 — 
I 5.231) . we have 

^R2(4s)ABVB A T] A 

= Vl A V(*8-i) + 2 e *^2(4*)ij Wj A - 2?7 ( 4 S) A% + (1- e~ 2 ') A r] 2 
+ (1 - e~ 2 *) 7? (4s _ 3) A 773 + (1 - e~ 2t ) r/ (4s _ 2) A r) 4 

= r\x/\ r?(4s-i) + 2 e *-^2(4s)ij A o»i - (1 + e" 2 ') 7/( 4s ) A r? 2 
+ (1 - e" 2 *) ^ (4s _ 3) A 773 + (1 - e~ 2t ) r/ (4s _ 2) A 774. 

-R2{As-l)ABVB A ?m 

= A r/ (4s) + 2 e *-^2(4 S -i)ij AWj-(l + e' 2t ) r]^ s -i) A 772 
+ (1 - e~ 2 *)?7 (4s _2) A rj 3 - (1 - e" 2 *) r/ (4s _ 3) A r/ 4 . 

■^R2(4s-2)ABVB A r/ A 

= »7i A ??4s-3 + ^e*^ 2 (4 s -2)y A - (1 + e" 2 *) r/ (4s _ 2) A r) 2 
+ (1 - e~ 2 ') r7 (4s _ 1} A T] 3 - (1 - e" 2 *) r/ (4s) A r/ 4 . 

-R2(4s-3)ABVB A ?M 

= A r/ 4s _ 2 + 2 e *^2(4 S -3)ij AWj-(l + e~ 2 ') r/ (4s _ 3) A r/ 2 
- (1 - e~ 2t ) r/ (4s) A r/ 3 + (1 — e~ 2t ) r7 {4s _i ) A r/ 4 . 

Similar formulas for the curvature tensors of the form R 3ol ab and R^ab- 
Continuing with our computation of the second structural equations using 
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QUI -CJlIS]), we have 



df](4s-l)(4s) — V(4s-l)l A ?7l(4s) — V(4a-l)q A ?? g (4s) _ V(4a-i)0 A ?7/3(4s) 

= <iu; ( 4 S _i ){ 4 s) + 2e~ 2 * 771 A 7/2 + (1 - e~ 2 *) rfr/ 2 
+ 77(4.5-1) A ?7(4 S ) — e £J(4a_i)g A a; g (4 S ) 

- (w(4«-i)(4«-2) - (1 - e~ 2 *) 774) A (^( 4s -2)(4 S ) - (1 - e" 2 ') 773) 

- (w(4»-i)(4»-3) - (1 - e~ 2 *) A (^( 4s -3)(4 S ) + (1 - e~ 2 ') 774) 

= -R(4s-i)(4s)ij Uj Aw,- + (1- e 2t ) W(4 S -i) g A cUg (4s ) + 2t7i A 772 

+ (1 - e~ 2t ) A i] q + e\l - e~ 2t ) u 2 p A r]p - 77( 4s ) A /7 (4s -i) 
+ (1 - e~ 2 *) W( 4s _i)( 45 _2) A 773 + (1 - e~ 2t ) 774 A cj(4 S _ 2){4s) 

+ (1 - e~ 2t ) 773 A ^(4s-3)(4s) - (1 - e^ 2 ') W (4s _i)(4 s _ 3 ) A 77 4 

+ 2(1 — e~ 2 ') 2 r] 3 A 774 
= -#(4 S -i)(4 S )ij Uj A w< + (2 - e~ 2i ) 77( 4s _i) A r7 (4s) - 2(1 - e~ 2t ) 77( 4s - 3 ) A 77 (4s _ 2 ) 

+ 27/! A 77 2 + (1 - e" 2 ') UJ 2q Ar] q + 2(1 - e" 2 ') 77 (4r _ 3 ) A 77 (4f .„ 2) 

+ 2(1 - e~ 2t ) 77(4r-l) A 77( 4r ) + (1 ~ e _2< ) (W(4a-l)(4a-2) ~ ^(4s-3)(4s)) A 773 

- (1 - e~ 2 *) (a?(4a-2)(45) + ^(4s-l)(4s-3)) A 77 4 + 2(1 - e~ 2 ') 2 77 3 A 77 4 . 

(5.25) 

Note that (I 5.221) asserts that 

(1 - e~ 2t ) u 2q A r] q = (1 - e~ 2 ') (-w 14 A r] 3 + c A 77 3 + u 13 A r/ 4 - b A 774) 
= (1 - e~ 2 ') (4e~ 2 * 7/3 A 774 + c A 773 - 6774), 



(1 - e"*) ( W(4 . -l)(4s-2) — ^(4s-3)(4s )) A 773 
= -(1 -e- 2 *)cA 77 3 , 



and 



— (1 — e ) (tU(4s-2)(4s) + ^(4s-l)(4s-3)) A 77 4 

= (1 — e -2 *) 6 A 774. 
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Hence substituting into (j 5.25j) . we obtain 

-^R(4,s~l)(4,s)AB VB A 1] A 

= ^R{A S -i)(As)ij A Ui + (2 - e~ 2 *) 77( 4s -i) A r] {4s) - 2(1 - e~ 2t ) r/( 4s -3) A ^ (4s -2) + 2r/i A 772 
+ 2(1 - e~ 2t ) 77 (4r _ 3) A r/ (4r _ 2) + 2(1 - e" 2 ') ^ (4r _i) A r/ (4r) + 2(1 - e" 4 *) 773 A 774 

= 2771 A 772 + -R(4s-i)(4s) pq e~ 4 * t),Af) P + 2(1 - e~ 4 *) 773 A 774 + % s -i)( 4s ) pa e" 3 * 77^ A t/ p 
+ ^( 4s -i)( 4s )a/3 e~ 2 * 7/^ A 77 Q + (2 - e~ 2 *) ?7( 4s _i) A r/ (4s) - 2(1 - e~ 2i ) 77 (4s „ 3) A 77 {4s _ 2 ) 

+ 2(1 - 6~ 2t ) 77 (4r _ 3) A 77 (4r _ 2 ) + 2(1 - e~ 2t ) 77(4r— 1) A ?7(4r)- 

A similar computation yields the curvature tensor of the form -R( 4s _i)( 4s _2)ab, 
-R( 4s _i)( 4s _3)yi73, -R(4s-2)(4s-3)yiB) R(is-2){is)AB, and -R( 4s -3)(4s)AB- It remains to 
compute 

--R(4s-3)(4r)AB ??B A T] A 

= <i77( 4s _3)( 4r ) — ?7( 4s _3)i A ?7i( 4r ) — ?7(4s-3)g A ?7 g ( 4r ) — 77(4s-3)/3 A 77^) 
= GL>( 4s _3)( 4r ) + ?7(4s— 3) A V(4r) ~ ^ ^(4s-3)g A L0 q ^ r ) — Tj^s^p A 77 J a(4 r ) 

= --R(4s-3)(4r)ij A CJj + (1 — e 2t ) W( 4s _ 3 ) g A LO q (Ar) ~ (1 ~ e~ 2 *) (7/4 A Co>( 4s )( 4r ) 

+ r/3 A W(4s-l)(4r)) — (1 — e 2 *) (772 A W 4a -2)(4r) + ^(4s-3)(4r-l) A 77 2 

- ^(4 S -3)(4r-2) A 77 3 + ^( 4s -3)(4r-3) A 77 4 ) + 77( 4s _3) A ?7(4r) • (5.26) 

Using (I 5.121 — T 5.14p . we can write 

^(4s-3)g A UJ q (i r ) = -77(4s - 2) A 77( 4r _i) + 77 (4s _i) A 77( 4r _ 2 ) - 77( 4s) A 77 (4r _ 3) ). 

Also using (I 5.121) asserts that 



w (4s-3)(4r-l) — ^(4s-2)(4r)j 
^(4s-3)(4r-2) = — ^((4s-l)(4r) 
^>((4s-3)(4r-3) = ^((4s)(4r)- 



Hence ( j 5.26[) becomes 
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R(As-S)(Ar)AB f]B A 1]a 



2 

= --R(4s-3)(4r)pg &~ T} q A 7] p + i?(4 s -3)(4r)p/3 e~ ^ A 7] p + ~-R( 4 s-3)(4r)a/3 e V/3 ^ Va 

- (1 - e 2 ') 77 (4s _ 2) A 77( 4r --i) + (1 - e~ 2< ) 77 (4s -i) A 7?( 4r _ 2 ) 

- (1 - e~ 2t ) 77 (4s ) A ?7(4r-3) + %ts-3) A r? 4r . 

So we have determined all curvature tensors of M. Note that the quater- 
nionic curvatures satisfy 

/C(ei, e 2 ) + /C(ei, e 3 ) + /C(ei, e 4 ) = -12 

/C(e 2 , ei) + /C(e 2 , e 3 ) + /C(e 2 , e 4 ) = -12 + e~ 2 ' (/C^e,, e 3 ) + /C^e,, e 4 )) 
/C(e 3 , ei ) + /C(e 3 , e 2 ) + /C(e 3 , e 4 ) = -12 + e" 2 ' (e 3 , e 2 ) + /C^(e 3 , e 4 )) 
/C(e 4 , ei) + /C(e 4 , e 2 ) + /C(e 4 , e 3 ) = -12 + e~ 2 ' (X(e 4 , e 2 ) + /C Ar (e 4 , e 3 )). 

In particular, this implies that 

IC N (e 2 , e 3 ) = ^(e 2 , e 4 ) = /C" (e 3 , e 4 ) = 0. 

Also, for 2 < p < 4, we have 

3 

y^/C(ei,e( 4s -i)) = -4 

i=0 

3 3 

/C(e p , e (4s _j) = -4 + e~ 2 ' ( £(e p , e (4s _;)) - 4) 

i=0 i=0 

implying 

3 

^/C Af (e p ,e( 4s -j)) = 4. 

i=0 

We also have 

3 3 

y^/C(e( 4s ),e( 4 s-i)) = -12 + e~ 2 ' /(/^(e^s), e( 4s -i)) + 9) 
i=i i=i 

implying 

3 

^ IC N (e(4 S ), e(4 S _i)) = —9. 
i=i 
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Lastly, 

3 3 

y^/C(e( 4a ), e^ r -i)) = -4 + e~ 2 * ^ /C^e^), e( 4r -j)) 

i=0 i=0 

implying 

3 

^/C^e^), e( 4r _j)) = 0. 

i=0 

The above computation determined the whole curvature tensor for M 
and N . In particular, if M has bounded curvature, then from the formulas 
about the components of curvature tensors of M, all curvature components 
are determined as those of QH n . So it must be covered by QHF\ □ 



References 

[B] Berger, M., Remarques sur le groupe d'holonomie des varietes Rieman- 
niennes, C.R. Acad. Sci. Paris 262 (1966), 1316-1318. 

[Be] Besse, A., Einstein manifolds. Springer- Verlag, Berlin, 1987. 

[CG] Cai, M and Galloway, G.J., Boundaries of zero scalar curvature in the 
ADS/CFT correspondence, Adv. Theor. Math. Phys. 3 (1999), 1769- 
1783. 

[Ch] Cheng, S.Y., Eigenvalue comparison theorem and its applications, 
Math. Z. 143(1975) 289-297. 

[CY] Cheng, S.Y. and Yau, S.-T., Differential equations on Riemannian man- 
ifolds and their geometric applications, Comm. Pure Appl. Math. 28 
(1975) 333-354. 

[CI] Corlette, K., Archimedean superrigidity and hyperbolic geometry, Ann. 
of Math. (2) 135 (1992), no. 1, 165-182. 

[C2] Corlette, K., Hausdorff dimensions of limit sets I, Invent. Math. 102 
(1990) 521-542. 

[G] Gordon, C, Isospectral Riemannian manifolds which are not locally iso- 
metric, J. Differential Geom. 37 (1993), 639-649. 



44 



[CI] Corlette, K. and Iozzi, A., Limit sets of discrete groups of isometries of 
exotic hyperbolic spaces, Trans. AMS. 351 (1999) 1507-1530. 

[I] Ishihara, S., Quaternionic Kahlerian manifolds, J. Differential Geom. 4 
(1974), 483-500. 

[L] Li, Peter, On the structure of complete Kahler manifolds with nonneg- 
ative curvature near infinity. Invent. Math. 99 (1990), 579-600. 

[LT] Li, Peter and Tam, L. F., Complete surfaces with finite total curvature. 
J. Differential Geom. 33 (1991), no. 1, 139-168. 

[LW1] Li, Peter and Wang, J., Complete manifolds with positive spectrum. 
J. Differential Geom. 58 (2001), no. 3, 501-534. 

[LW2] Li, Peter and Wang, J., Complete manifolds with positive spectrum. 
II. J. Differential Geom. 62 (2002), no. 1, 143-162. 

[LW3] Li, Peter and Wang, J., Comparison theorem for Kahler manifolds 
and positivity of spectrum, J. Diff. Geom. 69(2005), 43-74. 

[LW4] Li, Peter and Wang, J., Weighted Poincare inequality and rigidity of 
complete manifolds, Ann. Scient. Ec. Norm. Sup., 4 e serie, t. 39 (2006), 
921-982. 

[LW5] Li, Peter and Wang, J., Connectedness at infinity of complete Kahler 
manifolds and locally symmetric spaces, ArXiv: |math.DG/0701 865. 

[S] Siu, Y.T., The complex-analyticity of harmonic maps and the strong 
rigidity of compact Kahler manifolds, Ann. Math. 112(1980), 73-111. 

[W] Wang, X., On conformally compact Einstein manifolds, Math. Res. Let. 
8 (2001), 671-688. 

[WY] Witten, E. and Yau, S.T., Connectedness of the boundary in the 
AdS/CFT correspondence, Adv. Theor. Math. Phys. 3 (1999), 1635- 
1655. 

Shengli Kong 

Department of Mathematics 



45 



University of California, Irvine 
Irvine, CA92697-3875, USA 
email: skong@math.uci.edu 

Peter Li 

Department of Mathematics 
University of California, Irvine 
Irvine, CA92697-3875, USA 
email:pli@math. uci.edu 

Detang Zhou 

Departamento de Geometria 
Insitituto de Matematica 
Universidade Federal Fluminense- UFF 
Centro, Niteroi, RJ 24020-140, Brazil 
email: zhou@impa.br 



46 



